Soliton-effect pulse compression is investigated using two approximate methods which do not include the dispersive radiation shed as the soliton evolves and by one approximate method which does. Results derived from the approximate equations are compared with full numerical solutions of the governing equation. It is found that while the methods without radiation can be used to predict the position of optimal compression, to also have accurate prediction of the pulse amplitude requires inclusion of the dispersive radiation. A careful analysis of the solutions of the various approximate equations shows that care must be taken in using length predictions derived from approximate methods. This is because there are phase differences between the numerical and approximate solutions. Such phase differences are not predicted by the approximate methods. While approximate methods do exist to determine phase evolution, these methods do not predict the initial phase, which is of importance when distance predictions are made. q
Introduction
The equation governing the propagation of a pulse down a monomode, polarisation preserving, nonlinear optical fibre in the anomalous group velocity Ž . dispersion regime is the nonlinear Schrodinger NLS equation, which can be written in non-dimensional w x form as 1
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Here u is the complex-valued envelope of the pulse, z is the distance down the fibre and t is the reduced Ž time time measured in a frame which moves with . the group velocity . While the NLS equation can in principle be solved exactly using the inverse scatterw x ing method 2 , in practice it is difficult to determine the transient evolution of a pulse using inverse scattering. This is because this transient evolution involves an interaction between the pulse and the dispersive radiation shed as it evolves. Inverse scattering shows that this dispersive radiation is determined by an integral equation. However this integral equation is difficult to solve.
As an alternative to inverse scattering, various approximate techniques have been developed to determine the transient evolution of a pulse in a nonlin-ear optical fibre. One successful method has been the w x chirp method of Anderson 3, 4 , which is based on using an appropriate trial function in a Lagrangian for the NLS equation. One drawback of this method is that it does not include the dispersive radiation shed by the pulse as it evolves. Hence solutions of the chirp equations cannot evolve to a steady state. w x To overcome this drawback, Kath and Smyth 5 developed an alternative approximate method based on an averaged Lagrangian and conservation equations which did include this shed dispersive radiation. This new method was found to give solutions in excellent agreement with full numerical solutions of w x the NLS equation 5 . In subsequent work, the method of Kath and Smyth was extended to model nonlinear w x w x twin-core fibres 6 , non-uniform fibres 7 and fibre w x compressors 8 . In all cases, good agreement was found with full numerical solutions of the relevant governing equations. w x Afanasjev et al. 9 used the chirp method of w x Anderson 4 , and an extension of this method using a new trial function, to study so-called soliton-effect w x compression 1 . They found that for low initial pulse amplitudes the standard chirp method gave good predictions for the point at which the pulse has its first amplitude maximum, the so-called optimal compression length. However for high initial amplitudes, the modified chirp method gave better predictions. In w x the present work the method of Kath and Smyth 5 is used to study soliton-effect compression. Similar to the modified chirp equations, the approximate equations derived using this method give good predictions of the optimal compression length for high initial pulse amplitudes, but not for low initial amplitudes. However for all initial amplitudes the method of Kath and Smyth gives good predictions of the pulse amplitude along the fibre, while both of the chirp methods do not. This is because the method of Kath and Smyth includes the effect of the dispersive radiation shed by the pulse as it evolves. The question arises as to why there is this varying agreement between the approximate and numerical solutions. It is shown that the varying agreement is due to initial phase differences between the approximate and numerical solutions which are not calculated by the approximate methods. This shows approximate methods must be used with caution when used to predict lengths to certain events.
Approximate equations

Ž .
The NLS equation 1 possesses the Lagrangian 
Ž . It is to be noted that the trial functions 3 and 4 do not account for the effect of the dispersive radiation shed as a pulse evolves. In particular this means that Ž . Ž . the solutions of the variational equations 6 and 7 cannot evolve to a steady state.
To try to include the effect of the dispersive radiation shed as a pulse evolves, Kath and Smyth w x 5 used a different approach for obtaining a suitable trial function. The trial function used by these authors was
The amplitude a, width w, phase u and g are functions of distance z. This trial function consists of two parts. The first term is a varying soliton, similar w x w x to that of Anderson 4 and Afanasjev et al. 9 . The second term is new and represents the low frequency dispersive radiation which stays in the vicinity of the pulse. In this regard it is noted that the group velocity for the linearised NLS equation is c sy2 k, so g that long wavelength dispersive radiation has low velocity. The dispersive radiation in the vicinity of the pulse is then flat, which is why the second term Ž . in the trial function 8 has no t dependence. Kath w x and Smyth 5 noted that numerical solutions showed that the shed dispersive radiation was of small ampli-< < tude compared to the main pulse, so that g < a.
The radiation cannot remain independent of t, so it is Ž . assumed that the radiation term in 8 contributes to the Lagrangian in a region yl lr2-t-l lr2 about the pulse.
Away from the pulse the extended trial function Ž . 4 takes the form
Ž . for small b, which is similar to the trial function 8 .
Ž . The envelope a sech trw of the i b term serves to ensure that this term makes a finite contribution to Ž . the averaged Lagrangian. In the trial function 8 this was ensured by taking the radiation flat for yl lr2-t -l lr2.
Ž . As for the previous trial functions 3 and 4 , the Ž . trial function 8 is now used to calculate the aver-Ž . aged Lagrangian 5 . After some manipulation the variational equations for this averaged Lagrangian can be found to be
sy a a y w , 1 1 Ž . Ž . The variational equations 10 to 12 hold in the vicinity of the pulse and so do not include the dispersive radiation shed as the pulse evolves. Since the amplitude of the radiation is small, away from the pulse this radiation is governed by the linearised NLS equation
This linearised equation was solved by Kath and w x Smyth 5 using Laplace transforms. It was then shown using conservation equations that loss to dis-
Ž . Ž . 
The final approximate equations, including loss to dispersive radiation, governing the evolution of the Ž . Ž .
Comparison with numerical solutions
Solutions of the three sets of approximate equations of the previous section will now be compared with full numerical solutions of the NLS equation Ž . 1 . Particular attention will be paid to the optimal compression length for soliton-effect compression.
Ž . Ž . The systems of approximate equations 6 , 7 and Ž . Ž . Ž . 10 , 12 , 16 were solved numerically using a fourth order Runge-Kutta scheme. The full NLS Ž . equation 1 was solved numerically using a pseudo-spectral method based on that of Fornberg w x and Whitham 10 .
To determine the optimal compression length for a soliton-effect compressor, the boundary condition u 0,t s A sech t 20 Ž . Ž .
was used. Fig. 1 shows the optimal compression length L as a function of the initial amplitude A as given by the full numerical solution of the NLS Ž . equation 1 and by the three sets of approximate equations of the previous section. As found by w x Afanasjev et al. 9 the chirp equations of Anderson w x 4 give better agreement with the numerical solution for low initial amplitudes A, while the modified Ž . chirp equations 7 give better agreement for high Ž . Ž . initial amplitudes. The shelf equations 10 , 12 and Ž . 16 are seen to give results similar to those of the modified chirp equations. This is not unexpected given the relationship between these approximate equations noted in the previous section. For large initial amplitudes the shelf equations give a length in better agreement with the numerical length than do the modified chirp equations. However for low initial amplitudes the chirp equations give the best agreement with the numerical solution. The reason for this varying agreement of the various approximate solutions with numerical solutions can be found from a detailed examination of the evolution of the pulse amplitude along the fibre. Fig. 2 shows the evolution of the amplitude a of the pulse along the length z of the fibre for different final lengths for a low initial amplitude A s 1.25. Fig. 2a shows the comparison until just past the optimal compression length, Fig. 2b shows the comparison for a longer length, while Fig. 2c shows the comparison for the chirp and shelf equations only. The optimal compression lengths as predicted by the different approximate equations can be seen from Fig. 2a . It can also be noted from this figure that the shelf equations give a much better prediction of the amplitude of the pulse than either of the chirp equations. The reason for this is that the shelf equations include loss to dispersive radiation, as noted by Kath w x and Smyth 5 . The reason why the optimal length as given by the chirp equations is in better agreement than the length as given by the shelf equations can be seen from Fig. 2b and Fig. 2c . Particularly from Fig. 2c , it is apparent that the wavelength of the amplitude oscillations as given by the shelf equations agrees with the numerical wavelength. However there is a constant phase difference between the shelf equation and numerical amplitude oscillations. This phase difference is the reason for the disagreement between the optimal compression lengths. The derivation of the shelf equations does not include this phase, which is a higher order effect. While methods exist for determining equations for this Ž w x. higher order phase see for example 11,12 , these methods do not determine the initial phase, which is of importance here.
In the light of this, it can now be seen that the good agreement, for low initial amplitude, between the optimal compression lengths as given by the full numerical solution and by the chirp equations is due to two effects canceling out. Fig. 2a shows that the wavelength of the chirp solution is significantly less than the numerical wavelength. The phase difference between the chirp and numerical solutions then cancels out with this shorter wavelength to result in the position of the first amplitude maximum agreeing with the numerical position. It is noted from Fig. 2b that the position of only the first maximum agrees with the numerical position. Fig. 3 shows the evolution of the amplitude of the pulse down the fibre as given by the full numerical solution and by the approximate equations for the high initial amplitude A s 3.0. The optimal compression length as given by the solution of the shelf equations now agrees well with that given by the full ( )numerical solution. This is because the phase difference between the two solutions is now not as great as for A s 1.25. The optimal compression length as given by the modified chirp equations is also in good agreement with the numerical length, as noted by w x Afanasjev et al. 9 . However the amplitude of the pulse as given by these modified chirp equations is not in good agreement with the numerical amplitude, while the amplitude as given by the shelf equations is. This is because the shelf equations include radiative loss, which the chirp equations do not. Both the optimal compression length and pulse amplitude as given by the standard chirp equations are not in good agreement with the corresponding numerical values, w x again as noted by Afanasjev et al. 9 . It can further be seen from Fig. 3 that after the first amplitude maximum none of the approximate solutions are in agreement with the numerical solution. This is because for A ) 1.5 the initial pulse breaks up into two w x or more solitons 13 . As all the approximate methods assume a trial function consisting of a single soliton, they cannot be expected to give equations whose solutions are in agreement with numerical solutions for large distances for A ) 1.5. The agreement between the numerical solution and the solution of the shelf equations is good up until the first amplitude maximum as the second soliton develops after this first maximum. < < Fig. 4 compares the pulse profiles u as given by the full numerical solution and the solutions of the approximate equations for the high initial condition A s 3.0. Fig. 4a shows this comparison at z s 0.37, which is the position of the point of optimal compression for the numerical solution. It can be seen that the solution of the shelf equations is in fair agreement with the numerical solution. The amplitude as given by the shelf equations is lower than the numerical amplitude, as expected from Fig. 3 , while the widths of the two solutions are in good agreement. The figure also shows that the shape of the pulse as given by the modified chirp equations is not in good agreement with the numerical shape. Part of the difference in shape between the numerical and approximate solutions is due to phase differences. To subtract out these differences, the pulse profiles have been compared at the position of their respective first maximums in Fig. 4b . It can now be seen that there is excellent agreement between the solution of the shelf equations and the full numerical solution. However there is still not good agreement between the solution of the modified shelf equations and the numerical solution since the amplitude of the modified shelf solution is too large.
Conclusions
Predictions of the optimal compression length for a soliton-effect compressor using various approximate methods have been compared with the optimal length as given by full numerical solutions. The first of the approximate methods was based on the chirp w x method of Anderson 3, 4 , while the second was an ( )w x extension of this method by Afanasjev et al. 9 . The third approximate method was the shelf method of w x Kath and Smyth 5 . This final method includes the effect of the dispersive radiation shed as a pulse evolves. It was found that the optimal compression length was well predicted by the chirp method for low initial pulse amplitudes, but not for high initial amplitudes. For high initial pulse amplitudes the modified chirp and shelf methods both gave good predictions for the optimal length. The amplitude and shape of the pulse as it evolved down the fibre was well predicted by the shelf equations, but not by the chirp equations. This is because the shelf equations were the only approximate equations to include the effect of shed dispersive radiation.
As well as comparing predictions for the optimal compression length, the reasons for the differences between the predictions of the approximate equations and the full numerical solution were discussed. It was shown that a major source for these differences was the phase difference between solutions of the approximate equations and the numerical solution. It was found that if this phase difference was factored out, then the shelf equations gave an optimal compression length in agreement with the numerical value, even for low initial amplitudes. None of the approximate methods determined this phase of the amplitude oscillations, which is a higher order effect. It was further shown that for low initial amplitudes, the wavelength of the pulse amplitude oscillations as given by the chirp equations was less than the numerical wavelength. This low wavelength then cancelled out with the phase difference between the oscillations to yield an optimal compression length in agreement with the numerical value. This shows that lengths as predicted by the approximate methods should be treated with caution. To have confidence in the lengths predicted by approximate methods, these methods will need to be extended to determine the initial phase and equations for the phase.
